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1 Introduction 

The Euler beta function is an alternating product of Euler gamma functions, 

B(n B) _ r(a)rQ3) 

where the Euler gamma and beta functions are defined by 

/*oo pi 

r(a) = / t^e-'dt, B(a,(3)= / t ' 1 (1 - tf~ l dt. 
Jo Jo 



(2) 



There is a generalization of formula (1) to the case of an arrangement of hyperplanes in an 
affine space, see [VI, V2, DT]. 

Example. Consider an arrangement of three points zi,z 2 ,z 3 in a line. The point zj is 
the zero of the function fj — t — Zj. Set 

Ai = [zi,z 2 ], Ai = [z 2 ,z 3 ], 

U a = (t-z 1 ) a i{t-z 2 ) a *{t-z 3 ) a3 , 
io\ = a.\U a dt/(t — Zx), lj 2 = a 2 U a dt / (t — z 2 ) , 
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then 

, r \ = r( ai + i)r( 02 + i)r (03 + i) „ 

Wa, '> r( ai + a 2 + Q 3 + l) %j 

In this paper we describe a generalization of the first formula in (2) to the case of an 
arrangement of hyperplanes in an affine space. 

Example. Consider an arrangement of two points z\, z 2 in a line. Let fj = t — Zj. Set 

Ai = [zi,z 2 ], A 2 = [z 2 ,oo], 

U a = {t-z 1 ) ai (t-z 2 ) a \ 
Ui = aiU a dt / (t — z\) , uj 2 = a 2 U a dt / (t — z 2 ) . 
Let a be a positive number. Then 



det ( I e- at u^ = r(«i + i)r(« 2 + 1) e - a(zi+Z2) a - (ai+a2) Yl I, 



The determinant formulas are useful, in particular in applications to the Knizhnik- 
Zamolodchikov type of differential equations when a determinant formula allows one to 
conclude that a set of solutions to the equation given by suitable multidimensional hyper- 
geometric integrals forms a basis of solutions, cf. [SV], [TV], [V3], see also [L], [LS], [V4], 
[V5]. 

The paper is organized as follows. Sections - |5] contain definitions of the main ob- 
jects: arrangements, critical values, and hypergeometric period matrices. The main result 
of the paper is Theorem |6.2| . The proofs of all statements are presented in Section [7]. In 



Sections [| and ^ we discuss two determinant formulas for Selberg type integrals. In this case 
the configuration of hyperplanes is special and admits a symmetry group. The symmetry 
group acts on the domains of the configuration and on the hypergeometric differential forms 
associated with the configuration. Therefore the period matrix of the configuration ( J A ujj ) 
splits into blocks according to different representations of the symmetry group. We compute 
the determinant of the block corresponding to the trivial representation. 

2 Arrangements 

In this section we review results from [FT] and [VI]. 



2.1 

Let fx, . . . , f p be linear polynomials on a real affine space V. Let / denote {1, . . . ,p} and 
let A be the arrangement {Hi}i e j, where Hi = ker/j is the hyperplane defined by fa. 
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An edge of A is a nonempty intersection of some of its hyperplanes. A vertex is a 
O-dimensional edge. Let L(A) denote the set of all edges. 

An arrangement A is said to be essential if it has vertices. Until the end of this paper 
we suppose that A is essential. 

An arrangement A is said to be in general position if, for all subarrangements {H ix , • • • , H ik } 
of A, we have codim(iJ il n • • • H H ik ) = k if 1 < k < dim V and H h D • • • D H ik = if 
A; > dim V. 

Let 

M(A) = V- U ieI Hi. (3) 

The topological space M(A) has finitely many connected components, which are called 
domains. Domains are open polyhedra, not necessary bounded. Their faces are precisely 
the domains of the arrangements induced by A on the edges of A. More generally, in any 
subspace U C V the arrangement A cuts out a new arrangement A v consisting of the 
hyperplanes {Hi C\ U \ Hi E A, U (jL Hi}. Ajj is called a section of the arrangement. For 
every edge F of A the domains of the section Ap are called the faces of the arrangement A. 

Let F be an edge of A and 1(F) the set of all indices % for which F G Hi. The arrangement 
A F in V consisting of the hyperplanes {Hi \ Hi E A, i E 1(F)}, is called the localization of 
the arrangement at the edge F. 

Every edge F of codimension I is associated to an arrangement in an (I — l)-dimensional 
projective space. Namely, let L be a normal subspace to F of the complementary dimension. 
Consider the localization at this edge and its section by the normal subspace. All of the 
hyperplanes of the resulting arrangement (A f )l pass through the point v — F n L. We 
consider the arrangement which (A f )l induces in the tangent space T V L. It determines 
an arrangement in the projectivization of the tangent space, which is called the projective 
normal arrangement and denoted PA F . The arrangements corresponding to different normal 
subspaces are naturally isomorphic. 

A face of an arrangement is said to be bounded relative to a hyperplane if the closure of the 
face does not intersect the hyperplane. It is known [VI, Theorem 1.5] that if A = {H,i} ieI is 
an arrangement in a real projective space, then the number of domains bounded with respect 
to Hi does not depend on %. This number is called the discrete length of the arrangement. 
The discrete length of the empty arrangement is set to be equal to 1. 

Let F be an edge of an arrangement A in a projective space. The discrete length of the 
edge is defined as the discrete length of the arrangement A F ; the discrete width of the edge 
is the discrete length of the arrangement PA F ; and the discrete volume of the edge is the 
product of its discrete length and discrete width. These numbers are denoted 1(F), s(F), 
and vol(F), respectively. 

If F is a /c-dimensional edge of an arrangement A in an affine space, then its discrete 
length is the number of bounded A;-dimensional faces of the arrangement A F . Its discrete 
width is the discrete length of the arrangement PA F , and its discrete volume is the product 
of its discrete length and discrete width. 
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Another more invariant definition of the above quantities could be given as follows 
(see [OT]). Consider the complexification and then the projectivization of the affine space 
V. Denote it FV. Let Hj = {/, = 0}j G / be hyperplanes in PV, the infinite hyperplane 

and A the arrangement in FV defined by all these hyperplanes. Let x(A) denote the Euler 
characteristic of FV — U^jHj, where 7 = 1,... ,p, oo. If F is an edge of A, then 

1(F) = \ X (A F )\, s(F) = \ X (PA F )\, vol(F) = l(F)s(F). 

2.2 The beta-function of an arrangement 

An arrangement is called weighted if a complex number is assigned to every hyperplane of 
the arrangement. The complex numbers are called weights. The weight of a hyperplane Hi 
is denoted c^. 

The weight of an edge F of a weighted arrangement is the sum, a(F), of the weights of 
the hyperplanes which contain F. 

Let A be a weighted arrangement in an affine space V. Make V into a projective space by 
adding the hyperplane H^ at infinity: V = V U if^. For alH G / denote if, the projective 
closure of Hi in V. Let A = {iJ^} ie / U {H^} be the corresponding projective arrangement 
in V. The arrangement A is called the projectivization of A. Set = — («i + • • • + a p ). Let 
L_ denote the set of all edges at infinity of the arrangement A and L + the set consisting of 
all the other edges. 

Definition 2.1 (i) Let the weights a±, ... , a p of the hyperplanes be complex numbers with 
positive real part. The beta-function of an affine arrangement A is defined by 

B(A;a)= J] V(a(F) + lf< F ) / J] Y(-a(F) + l) vo1 ^; 

(ii) In addition, let H be a hyperplane in V and H its closure in V . The beta-function of 
an affine arrangement A relative to the hyperplane H is defined by 

EJ(A; a; H ) = J] F(a(F) + l) v ° 1 ^ j JJ T(-a(F) + 1) V ^ F) . 

EXAMPLE. Let n = dim V. For an arrangement A of p hyperplanes in general position the 
above formulas take the form 

B(A; aj = ( rK + 1) r(„ + m 83 = + 

\ 1 («! + h «p + lj / 

2.3 Trace of an arrangement at infinity relative to a hyperplane 

Assume that an additional non-constant linear function fo on V is given. Denote the hyper- 
plane {/ = 0} by H . 
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Let A be an affine arrangement in the affine space V . Consider the projectivized 
arrangement A in V and its section Ah x - The intersection of A with the affine space 
W = Hoo — H H is called the trace of the arrangement A at infinity relative to the 
hyperplane H and is denoted tr(A) Ho . 

Lemma 2.2 If the affine arrangement A is given by the linear functions {fi}i<=i on V, then 
the affine arrangement tr(A)n is given by the linear functions {hi = /°//o \ i & I', fi/fo 
const} on W, where /° denotes the homogeneous part of fi. □ 

3 Properties of an arrangement 

In this section we examine the properties of the unbounded domains of an arrangement A 
on which an additional linear function f tends to +00. 

Let A be an arrangement in an affine space V. Consider its projectivization A in the 
projective space V. Let A be an unbounded face of the arrangement A. Take the closure 
A of A in V. Consider the intersection A D H^. It is a union of faces of the arrangement 
Affoo- There is a unique one of highest dimension. We call it the trace of A at infinity and 
denote tr(A). 

An unbounded face A of A is called a growing face with respect to f if fo(x) tends to 
+00 whenever x tends to infinity in A. A face at infinity E is called a bounded face at infinity 
with respect to fo if E n H is empty In other words, E is a bounded face at infinity if and 
only if it is a bounded face of the affine arrangement tr(A)n - 

If E is a face of A, denote F% the unique edge of the smallest dimension which contains 
E. Define the discrete length, the discrete width and the volume of the face as the same 
quantities for the corresponding edge. 

Theorem 3.1 The trace map from the unbounded faces of A to the faces of A in has 
the following properties: 

(i) The trace of a growing face is a bounded face at infinity. 

(ii) For any bounded face at infinity, E, there exist exactly s(E) growing domains with 
trace E, where s(E) denotes the discrete width of this face. 

(Hi) The number of growing domains of A is equal to the sum of the volumes of all edges 
of A at infinity which do not lie in H : 



# growing domains 




FCHoo,F<ZB 



Theorem O is proved in Section [TT] 
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4 Critical values 



The aim of this section is to define the critical values of the functions /f 1 , ... , f p p on the 
bounded domains of an arrangement A and the critical values of the same functions, with 
respect to an additional linear function f , on the bounded and growing domains of A. 

Let an arrangement A be given by linear functions {fi}iei and let a = {aj}j g / be a 
corresponding set of weights. 

For every j G /, a face of the arrangement A on which f\ is constant is called a critical 
face with respect to /, and the value of f\ on that face is called a critical value. In particular, 
each vertex is a critical face for every function /j. 

Assume that a function is bounded on a face £ of A. The subset of E on which 
\fi\ attains its maximum is a union of critical faces. Among them, there is a unique one of 
highest dimension. It is called the external support of the face E with respect to fi. 

Denote Ch(yl) the set of all bounded domains of A. Let /3(A) = \Ch(A)\. Enumerate the 
bounded domains by numbers 1, . . . , f3(A). For every i <E I and j G {1, . . . , /3(A)}, choose a 
branch of the multi- valued function /"* on the domain Aj and denote it g^j. Let Ejj be the 
external support of Aj with respect to fi. Define the extremal critical value of the chosen 
branch g it j on Aj as the number c(g it j,Aj) = ^-(Ejj). Denote c(A; a) the product of all 
extremal critical values of the chosen branches, 

c(A;a) = nil' 1 '/ A ! 
j=i iei 

Assume that an additional non-constant linear function f on V is given. Let A be 
bounded or growing domain of A. Then f is bounded from below on A. The subset of 
A on which e~f° attains its maximum coincides with the subset of A where fo attains its 
minimum. This subset has a unique face of highest dimension; it is called the support face 
of f on A and denoted Ea- Define the extremal critical value of e~f° on A as the number 
c(e- ft> , A) = e - /o(SA) . 

Denote Ch(A; / ) the set of all bounded or growing domains of A. Let j(A) = \Ch(A; /o)|. 
Enumerate these domains by numbers 1, . . . , 7(A). For every i £ I and j G {1, . . . , l(A)}, 
choose a branch of the multi-valued function on the domain Aj and denote it gij. 
Assume that \f\\ is bounded on Aj. Let Ejj be the external support of Aj with respect to 
fi. Define the extremal critical value of the chosen branch gij on Aj with respect to f as 
the number c(gij, Aj, f ) = ^-(Ejj). Notice that, if Aj is a bounded domain of A, then 
c (9i,j, Aj) = c(g itj ,Aj,f ). 

Now assume that is unbounded on Aj. Thus, Aj is a growing domain of A and 
tr(Aj) is a bounded face of tr{A)n - Denote M = /o(Eaj)- Consider the rational function 
hi = fi/(fa — M) on Aj. Notice that hi\ tr ^ Aj ^ coincides with the restriction of the linear 
function hi = fi/fff to the same set tr(Aj). Since the sign of hi on Aj is the same as the 
sign of fi on Aj we can choose a branch of hi on Aj which has the same argument as g^j 
and denote it g^j. Let Ej be the external support of tr(Aj) with respect to hi in the affine 
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arrangement tr(A)n - Define the the extremal critical value of the chosen branch g^j on Aj 
with respect to fo as the number c(gij, A, / ) = gfj{Y,j). 

Denote c(A; a; fo) the product of all extremal critical values with respect to fo of the 
chosen branches, 



5 Hypergeometric period matrix 

5.1 /3nbc-bases 

Let A be an essential arrangement in an n-dimensional real affine space V. Define a linear 
order < in A putting Hi < Hj if % < j. A subset {Hi} ieJ of A is called dependent if 
n ie jHi 7^ and codim(n ie jHi) < \J\. A subset of A which has nonempty intersection 
and is not dependent is called independent. Maximal independent sets are called bases. An 
intersection of a basis defines a vertex. 

A fc-tuple S = (Hi, ■ ■ ■ , Hk) is called a circuit if (Hi, ■ ■ ■ , H^) is dependent and if for 
each I, 1 < I < k, the (k — l)-tuple (Hi, • • • , Hi, ■ ■ ■ , H k ) is independent. A /c-tuple S is 
called a broken circuit if there exists H < min(S) such that {H} U S is a circuit, where 
min(S) denotes the minimal element of S for <. 

The collection of subsets of A having nonempty intersection and containing no broken 
circuits is denoted BC. BC consists of independent sets. Maximal (with respect to inclusion) 
elements of BC are bases of A called nbc-bases. Recall that n is the dimension of the affine 
space. 

An nbc-basis B = (H ii: ■ ■ ■ , H in ) is called ordered if H i± < H i2 < ■ ■ ■ < H in . The set of 
all ordered nbc-bases of A is denoted nhc(A) 

A basis B is called a [3nhc-basis if B is an nbc-basis and if 



Denote j3nbc(A) the set of all ordered /Snbc-bases. Put the lexicographic order on (3nbc(A) 
The definition and basic properties of the /5nbc-bases are due to Ziegler [Z]. 

For a basis B = (H h , ■ ■ ■ , H in ), let Fj = DLj+i H h for < j < n - 1 and F n = V. Then 
£(B) = (Fo C Fi C • • • C F n ) is a flag of affine subspaces of V with dim Fj — j (0 < j < n). 
This flag is called the flag associated with B. 

For an edge F of A, remind that 1(F) = {i E I | F C HA-. Introduce a differential 
one-form 




\/H e B 3H' < H such that (B - {H}) U {H'} is a base. 



(4) 




iei(F) 
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For a basis B = (Hi 17 ■ ■ ■ ,H in ), let £(B) = (F C Fi C • • • C F n ) be the associated flag. 
Introduce a differential n-form E(B, A) = cj a (Fo, A) A • • • A u> a (F n -i, A). 

If /3nbc(A) = {B u ■ ■ ■ , B PiA) } and ^ = <^(A) = E(Bj, A) for j e {1, . . . , 13(A)}, define 

$(A) = {0 1 ,---,0 /3(A) }. (5) 

Example. For an arrangement A of p hyperplanes in general position, the set /3nbc(A) 
coincides with the set {(H ix) . . . , H in ) | 2 < i\ < ■ ■ ■ < i n < p}. The latter corresponds to all 
vertices of A away from the hyperplane Hi. The differential n-forms are 

= {a h . . . a in ^ A • • • A ^ | 2 < i x < ■ ■ ■ < i n < p}. 

Jil Jin 

5.2 The definition of the hyper geometric period matrix 

Let £ = (F cFjC-C F n ) be a flag of edges of A with dim Fi = i (i — 0, . . . , n — 1; 
F n = V). Let A be a domain of A and A its closure in V. We say that the flag is adjacent 
to the domain if dim (Fi Pi A) = i for i = 0, . . . , n. 

The following proposition from [DT, Proposition 3.1.2] allows us to enumerate the bounded 
domains of a configuration A by means of /3nhc(A). 



Proposition 5.1 There exists a unique bisection 



C : (3nhc(A) — ► Ch(A) 

such that for any B e /?nbc(A) ; t/ie associated flag ^(B) is adjacent to the bounded domain 
C(B). 



Let t > be a number which is larger than the maximum of fo on the closure of any 
bounded domain of A. Then the hyperplane H t = {f = t} does not intersect the bounded 
domains of A. Consider the affine arrangement A t = A U {H t }. The set of its bounded 
domains consists of two disjoint subsets: the first is the subset of all bounded domains of A; 
the second is formed by the domains of A t which are intersections of unbounded domains of 
A and the half-space {/o < t}. Notice that the intersection of an unbounded domain A of A 
and the half-space {fo < t} is nonempty and bounded if and only if A is a growing domain. 
Thus (3 {A t ) = 7(A). 

Define an order < on A t as H t < Hi < . . . < H p . Consider the set /3nbc(A t ) with respect 
to this order. If B e /3nhc(A t ), then H t ^ B because of condition (^) and the minimality 
of H t with respect to the order <. This observation implies that /3nbc(A t ) and &(A t ) do 
not depend on t. Denote them /3nbc(A; / ) and $(A; / ) respectively. Notice that j3nbc(A) 
and &(A) are subsets of /?nbc(A; / ) and $(A; / ) respectively because the order on A is a 
restriction of the order on A t to its subset A and because of condition (^). We also have an 
analog of Proposition I5J . 
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Proposition 5.2 There exists a unique bijection 

C : Pnhc(A; f ) ^ Ch(A;f ) 

such that for any B G j3nhc(A; f Q ) , the associated flag £(B) is adjacent to the domain C(B). 
Moreover, C|^ nbc(A ) = C. □ 

Let the set /3nbc(A; / ) = {Bi, . . . , £> 7 } be lexicographically ordered as in section ^TT[ 
For i — 1, . . . ,7, define a domain Aj G Ch(A; / ) by Aj = C(BA. This gives us an order on 
the set of the growing and bounded domains of A. The order is called the flnbc-order. 

We give an orientation to each domain A G Ch(v4; / ) as follows. Let A = C(B) with 
B G l3nbc(A; f ). Let £(B) = (F C F x C • • ■ C F n ) be the associated flag. The flag £(B) 
is adjacent to the domain B and defines its intrinsic orientation [V2, 6.2]. The intrinsic 
orientation is defined by the unique orthonormal frame {e±, . . . ,e n } such that each is a 
unit vector originating from the point Fq in the direction of Fi fl A. 

Let /3 = /3(A). Assume that Ch(A) = {Ai, . . . , A^} is the /3nbc-ordered set of the 
bounded domains of A and $(A) = {<pi, . . . , <pp} is the /3nbc-ordered set of differential re- 
forms constructed in Section [5n]. Assume that the weights {ai}^ have positive real parts. 
For every % G / and j G {1,...,/?}, choose a branch of on the domain Aj and the 
intrinsic orientation of the domain Aj. Let U a := f" 1 ■ ■ ■ fp p . The choice of branches of the 
functions f?* on all bounded domains defines a choice of branches of the function U a on all 
bounded domains. Define the hypergeometric period matrix by 

P 

(6) 

k,j=i 

Since Rea^ > 0, all elements of the period matrix are well defined. 

Let 7 = 7(A). Let Ch(v4; / ) = {Ai, . . . , A 7 } be the /?nbc-ordered set of the bounded and 
growing domains of A and let <&(A; f ) = {<pi, . . . , 7 } be the /3nbc-ordered set of differential 
n-forms constructed in Section |5]2|. Assume that the weights {ai} i€ j have positive real parts. 
For every i G I and j G {1, . . . ,7}, choose a branch of on the domain Aj and the intrinsic 
orientation of each domain Aj. The choice of branches of the functions on all bounded 
and growing domains defines a choice of branches of the function U a on all bounded and 
growing domains. Define the hypergeometric period matrix with respect to fo by 

7 

(7) 

kj=i 

Since Recti > and /o tends to +00 on the growing domains of A, all elements of the period 
matrix are well defined. 



PM(A;a) 



PM(A;a;f ) = 
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6 The main theorem 



In [DT], Douai and Terao proved the following theorem, cf. also [V1,V2]. 

Theorem 6.1 Let A be a weighted arrangement given by functions {fi}iei and weights a = 
{ai}i & i such that Recti > for all i G I . Fix branches of the multivalued functions {f^}iei 
on all bounded domains of A. Then 

detPM(A;a) = c(A;a)B(A;a). (8) 

The main result of this paper is the following theorem. 

Theorem 6.2 Let A be a weighted arrangement given by functions {fi}iei and weights a = 
such that Rea, > for all i G I. Let an additional non-constant linear function f 
be given. Denote H the hyperplane {fo = 0}. Fix branches of the multivalued functions 
on a M bounded and growing domains of A. Then 

det PM(A; a; /„) = c(A; a; f )B(A; a; H ). (9) 

We will deduce this formula for the determinant of the period matrix with respect to fo 
from Theorem |6J] by passing to a limit. 



7 Proofs 

7.1 Proof of Theorem [S7t| 



Lemma 7.1 Let A be a growing face. Then tr(A) n H = 0, i.e. tr(A) is a bounded face 
at infinity. 

Proof. Let xo, . . . , x n _i be affine coordinates on V such that fo(x) = xq. Let (to : t\ : • ■ ■ : t n ) 
be the corresponding projective coordinates in V: {xi = ti/t n }^Z l . Let A be a growing face. 
Assume that tr(A) fl H ^ and P = (p : pi : • • • : p n ) is a point of this intersection. Thus, 
Po — Pn = 0. Let Q = (q : g x : • • • : q n ) be any point inside A. Thus q n ^ 0. Since A is a 
closed polyhedron in V it contains the segment PQ. This segment is parametrized by the 
points P x = (Xp + (1 - A)g : X Pl + (1 - X) qi : • • • : Xp n + (1 - \)q n ), for A G [0, 1]. The 
point P\ tends to P G when A i— > 1. We have 

ffr>\ Ap + (1-A)g go , , 

Jo (-Pa) = t —p. = — = constant. 

Xp n + (1 - X)q n q n 



This contradicts to the assumption that A is a growing face. So tr(A) fl Ho = 0. Part (i) 
of Theorem p.l| is proved. □ 



Lemma 7.2 Let A be an unbounded domain of A. Let tr(A) be a bounded face at infinity 
with respect to f . Let f Q be unbounded on An {f > 0}. Then A is a growing domain of A. 
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Proof. Since tr(A) is bounded at infinity, we have A n fl H = 0. For a real t, let 
H t = {/„ = 0- Then 

AnH 00 nH~ t = 0. (10) 

Let be a sequence of points in A such that Xi tends to oo when i h- oo. Choose a 

positive T. Assume that T is larger than the supremum of /o on all bounded domains of A. 
Consider the arrangement At = A U {Ht}- Formula ( |T0"D implies that ify fl A is a bounded 
domain of the section (At)h t - Since Ay is essential, Proposition 9.9 [BBR] is applicable. It 
implies that there is a bounded domain A^ of the arrangement At, such that Ht fl A is a 
subset of the boundary of At- This bounded domain must be A fl {/o < T}, because of the 
choice of T. 

Since At is bounded, there exists a positive integer Nt such that for every integer n > Nt 
we have x n G A — At- Since A — A^ = A fl {/o > T}, we have /o(x„) > T for all n > Ay. 
This proves that A is a growing domain. □ 

Lemma 7.3 For any bounded face at infinity, E ; t/iere exist exactly s(E) growing domains 
with trace E ; where s(E) denotes the discrete width of this face. 



Proof. Let S be a bounded face at infinity of codimension fc. Choose projective coordinates 
(to : ti : ■ ■ • : t n ) on V such that H = {to = 0}, H^ = {t n = 0}, and Fs is given by 
t\ = ■ ■ ■ = tfc_i = t n = 0. 

Let f be a point in S and i? an open ball around v. If the ball is sufficiently small, then 
the domains of A which intersect B are precisely those for which v belongs to their closure 
in V and the hyperplanes of A which intersect B are exactly those belonging to A Fs . Local 
affine coordinates on B are given by {yi = U/to}2 =1 . Since Fs is given by the equations 
Hi = ■ ■ ■ = Vk-i = Vn — 0, the subspace L through v spanned by the coordinate vectors 
ei, . . . , ejfc_i, e n is a normal subspace to F%. Then the number of open domains in B is equal 
to the number of open domains of the arrangement induced in the tangent space T V L by the 
arrangement A . On B the function /o has the form fo(y) = l/y n - We are interested in the 
domains in B on which fo i— > +oo when y n ^ 0. So, on this domains we must have y n > 0. 
If the codimension of S in ifoo is 0, then the number of such domains is equal to 1, which is 
exactly the discrete width of the empty configuration. Assume that the above codimension 
is positive. Then the number of domains in B on which y n > is equal to the number of the 
domains of the projective normal arrangement PA . Finally, we want to count only those 
domains for which E is the only part of their closure in V, lying in H^. Thus, they are the 
projective domains away from the hyperplane y n = 0. Their number is equal to the discrete 



length of PA . By definition this number is equal to the discrete width of E. Lemma 7.2 



implies that the corresponding domains of A are growing. □ 



Lemma 7.4 The number of growing domains of A is equal to the sum of the volumes of all 
edges of A at infinity which do not lie in H . 



11 



Proof. Let F be an edge at infinity with non-zero volume which do not lie in Hq. Then, 
by definition, there are exactly 1(F) bounded faces at infinity which generate F. For each 
of them, S, there exist exactly s(F) growing domains of A with trace S. Thus there exist 
exactly vol(F) = l(F)s(F) growing domains whose traces generate F. Finally, in order to 
count all growing domains of A, we have to sum over all edges at infinity which have non-zero 



volume and do not lie in Hq. Theorem 3.1 is proved. □ 



7.2 Asymptotic behavior of critical values 

Let A be an arrangement in the affine space V. Let fo be an additional non-constant linear 
function on V. Define f t = 1 — and H t = {f t = 0}. Consider a new weighted arrangement 
A t = AU {H t } where we assume that the weight of H t is equal to t. For a sufficiently big 
t, the hyperplane H t intersects only some of the unbounded domains of the arrangement 
A. Moreover, the intersection creates a new bounded domain if and only if the intersected 
domain is a growing one. So if A is a growing domain, we will denote the corresponding 
bounded domain of A t by A t and will call it a growing bounded domain. If A is a bounded 
domain of A, then it is also a bounded domain of A t . This correspondence between the 
bounded domains of A t and the bounded or growing domains of A is a bijection. 

Lemma 7.5 Let A t be a bounded domain of the arrangement A t . Let A be the corresponding 
bounded or growing domain of A. Ift > and (1 — fo/t) is positive on A t choose the positive 
branch g t of (1 — fo/t) 1 on A t . 

Then the external support of A t with respect to f t is a face of the arrangement A. For 
every big enough t this external support coincides with the support face, Ea, of fo on A. 
Moreover, \im th ^ +00 c(g t , A t ) = e~^ ^ A ' . 

Proof. For a fixed t, the external support of A t with respect to ft lies outside H t . Thus, 
it is a face of the arrangement A. 

The set of all critical faces of A with respect to fo is finite. Let M be the maximum of 
fo on this set. Assume that t > M. Then all bounded domains of A t lie inside the positive 
half-space with respect to f t . Let f t = 1 — f /t attains its maximum on a critical face £a 
of At. This is equivalent to the condition that fo attains its minimum on the same face. So 
Sa is the support face of A with respect to fo. On the other side, it is the external support 
of A t with respect to f t . Hence 

lim c(g t ,A t )= lim [ 1 - M^lV = e -/o(^). 



□ 

Lemma 7.6 Let the hyperplane H = {/ = 0} belongs to the arrangement A. Let A be a 
growing domain of A and A t the corresponding growing bounded domain of A t . Let \ f\ be 
unbounded on the growing domain A. 
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Then there exists a unique face £ of highest dimension, belonging to the closure of A, 
such that for every big enough t, the external support of the face A t with respect to f is 
Et = En A £ . Moreover, tr(£) is the external support oftr(A) with respect to h in the afftne 
space W = Hoo — H n Hoc, where h = /°//o- The asymptotic behavior of f(E t ) when t 
tends to +00 is given by /(St) = h(tr(H))t(l + o(l)). 

Proof. The set of critical faces with respect to / of the arrangement A is finite. |/| is 
bounded on this set. Since |/| is unbounded on A the external support of A t with respect 
to / lies on H t for t big enough. 

Let Ejj be a critical face of A tl which lies on H tl for some t\ fixed. Then £ tl = H tl H £, 
where £ is a face of A. Consider the face Et = H t H £ of A t for an arbitrary t. It is a critical 
face of A t because E t is parallel to E tl and the latter is parallel to H . Let us compute the 
asymptotic behavior of /(E t ) when t tends to +00. 

Choose afline coordinates {xj}J~$ in V such that fo(x) = xq. Let / = f° + b be the 
sum of the homogeneous part of / and the constant term. Then / = xo(f°/xo + b/xo) = 
x (f°/fo + Wxo). Since H t = {x = t}, /(E t ) = t(h(X t ) + b/t) = h(tr(Ti))t{l + o(l)). 

Let £' be the external support of tr(A) relative to tr(H). Let E is the face of A for 
which £' = £r(£). Then the previous computation shows that for every t big enough Et is 
the external support of A t with respect to /. □ 



Corollary 7.7 Let the conditions be as in Lemma \l.b\ In addition, assume that a is a 
complex number. Fix a branch of f a on A and denote it g. Fix a branch of (f / fo) a on A 
as in Section and denote it g. Fix branches of t a and (1 + o(l)) a using the branch of the 
logarithm with zero argument. Then the asymptotic behavior of c(g, A t ) when t tends to +00 
isc(g,A t ) = c(g,A,f )t a (l + o(l)). 

Proof. Use the notation of the previous proof. Since c(g, A f ) = <?(E t ), c(g, A, f ) = g(tr(E)) 
and the arguments of g and g are the same on A, the assymptotic formula for / implies the 
statement of the corollary. □ 

Lemma 7.8 Let the hyperplane H — {/ = 0} belongs to the arrangement A. Let a be a 
complex number. Let A be a growing domain of A and A t the corresponding growing bounded 
domain of A t . Fix a branch of f a on A and denote it g. Then 

\f\ is bounded on A if and only if tr(A) C tr(H). The latter condition is equivalent to 
the equation h(tr(A)) = where h = f°/fo is a linear function of the arrangement tr (A) h - 
Moreover, if \f\ is bounded on A, then for every big enough t, c(g,A t ) equals the constant 
c(g, A,/ )- 

Proof. I f\ is bounded on A if and only if A is placed between two hyperplanes H' and 
H" parallel to H . Denote the domain between these two hyperplanes by D. Since A C D 
we have tr(A) C tr(D) = tr(H). 

The reverse part is a consequence of Lemma [7.6| . 

Let E be the external support of A with respect to /. Then for every big enough t, 
c(g, A t ) = g(E). The latter equals c(g, A, f ). □ 
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7.3 Proof of Theorem |E>72 



We prove Theorem |T2] applying Theorem |0] to the arrangement A t and then passing to the 
limit when iw+oo. 

First study B(A t \ a,t). 

Lemma 7.9 (i) The only factor in the numerator of B(A t ; a,t) depending on t, when t is 
big enough, is the factor corresponding to the edge H t . It contributes T(t + 1)*, where # is 
the number of growing domains of A. 

(ii) The factors in the denominator depending on t come from the edges at infinity with 
non-zero volume which do not lie in H . Each of them, F , contributes T(t + 1 + a' (F)) vol ( F \ 
where a'{F) = T / HeA-FgH a H- 

(Hi) The asymptotic behavior of B(A t ; a,t) when t tends to +oo is given by 

B(A t ;a,t)=B(A;a;H ) J] r^^l + o(l)). 

Proof. Recall that 

B(A t ;a,t) = J] T(a(F) + l) v ° 1 ^ / J] T(-a(F) + 1)"*™, 

F&L t+ F6L t _ 

B{A- a; H ) = J] F(a(F) + J] T(-a(F) + 1) V ^ F \ 

F€L+ F£L„;FCH Q 

where L t -, L_ denote the set of all edges at infinity of the arrangements A t and A, respec- 
tively, and L>t+, L_ denote the set consisting of all the other edges of the same arrangements. 

(i) Since the only weight depending on t corresponds to H t , the factors in the denominator 
that depend on t correspond to the edges of A t lying in H t . If such an edge F is a proper 
subspace of H t , then it is decomposable [STV, Section 2], that is the localization of the 
arrangement A t at the edge F is a product of two nonempty subarrangements where one 
of the subarrangements is equal to {H t }. According to [STV, Proposition 7], the discrete 
width of a decomposable edge is zero. Thus its discrete volume is zero. 

The volume of H t is the number of bounded domains of the section arrangement (A t )H t 
which is exactly the number of growing domains of the arrangement A. 

(ii) If F is an edge at infinity of A t , then a(F) = — t — a p + J2neA t - FcH aH - ^ ne 
last sum depends on t if and only if Yln&Ar fch °-h does not depend on t, i.e. if and only if 
F <f_ H t . Since H t H = H fl H^, the weight a(F) depends on t if and only if F (jL H . 
So a(F) — — t — a'(F). Notice that such an edge is also an edge of the arrangement A. 



(in) According to Theorem [3.1| the number of growing domains of the arrangement A is 
equal to the sum of the volumes of all edges at infinity of the arrangement A which do not 
lie in Hq. Thus the number of factors in the numerator and in the denominator containing 
t is equal. Sterling's formula gives us Y(t + 1)/T(£ + 1 + a) = t~ a (l + o(l)) when t tends to 
+oo. So we obtain the required formula. □ 
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Now consider the limit of the product of the critical values, c(A t ; a, t). For every i E I and 
every bounded or growing domain A of the arrangement A, choose a branch of /"* on A and 
denote it gi A . This also fixes branches of /"* on the bounded domains of A t independently 
on t. Notice that for every big enough t, f t is positive on all bounded domains of the 
arrangement A t . Choose the positive branch of (ft)* on this domains and denote it g t . 

Lemma 7.10 c(A t ; a,t) has the following asymptotic behavior when t tends to +00: 
c(A t ;a,t)=c(A;a;f ) J] t a '^"^ F \l + o(l)). 

Proof. 

C(A t ;a;t) = J] ( c(g t , A) J[ c(g iA , A) 

AeCh(A t ) \ iel 

J] c(g t ,A)\ I J] ]Jc(g tA ,A)\ m]Jc(g tAi ,A t )Y(ll) 

y AeCh(A t ) J \AeCh(A) i&I J \ A t i£l J 

where At in the last product ranges over the growing bounded domains of A t . 

Describe the asymptotic behavior of each of the three products in formula (|PT1) . 

Assume that A is a bounded domain of A t . Lemma |775] asserts that \im t _> +QO c(g t , A) = 
e -/o(s A ) w here A' is the domain of A (bounded or growing) which corresponds to the domain 
A of A t and E^' is the support face of f on A'. 

If A is a bounded domain of A and i E I, then c(gi A , A) = c(gi A , A, / ) by definition. 

Let At be a growing bounded domain of A t and A the corresponding growing domain of 
A. Let i eI_lftr(A) (£H~, then c{g iAv A t ) = c(g iA , A, f )t ai (l + o(l)), by Corollary fTFj 
If tr(A) C Hi, then c(g iAt , A t ) = c(gi A , A, f ) by Lemma f7T8| . Let F be an edge at infinity. 
Assume that F does not lie in H and has a non-zero volume. According to Theorem |3.1| , 
there exist exactly vol(F) growing domains of the arrangement A, whose traces generate 
F. Every term in the last product of formula ([!]]) depends on a growing bounded domain. 
Collect all the terms such that the trace of the corresponding growing domain generates F . 
Then for the product of the chosen factors we have 

n n c ^,A t ) = ( n w^^^h)\[ n n^^a)) 

A,F tr(A) =F i£l \A,F tr(A) =F i£l J \A,F trW =Fi,Ft£Hi 




n n c ^A,A,/ ) n ^u+oa)) 

v A,F tr(A) =F ie/ / \A,F tr(A) =F 

t ^>oi(F )(1+o{1)) yi n c ^A,A,/o) 
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Collecting the asymptotic behavior for the three products in (|ITD, we obtain the statement 
of the lemma. □ 



Proof of Theorem |6.2| : Apply formula @ to the weighted arrangement A t . Lemmas |7.9| 
and [jMQ show that the terms dependent on t in the asymptotic formulas for B(A t ; a, t) and 
c(A t ;a,t) cancel out. Thus, 



lim c(A t ; a, t)B(A t ; a, t) = c(A; a; fo)B(A; a; H Q ) 



which gives us the right hand side of formula fl9|). 

Let us study the entries of the period matrix PM(A t ; a, t): PM k j(t) = f A U ajt 4> k (At), 
where Aj is a bounded domain of A t and <f) k (A t ) is one of the n-forms constructed in 



Section O. Remind that for a fixed k and a big enough t, the form (f) k (A t ) is independent 
on t and equals 4> k (A; f ). Since U a j = (1 — fo/tyU a , we have lim tM+00 U a;t = e~* U a . 

Since Aj is a bounded domain of A t , there exists a unique bounded or growing domain, 
A, of A such that Aj = A n {f < t}. Extend f t as zero on A - Aj. Then PM k>j (t) = 
f A (f t yU a (f)k(A;fo)- Since (/ t )* < e^^° on A R {fo > 0}, Lebesgue's convergence theorem is 
applicable and lim tl ^ +00 PM kd (t) = J A e~ fo U a <f) k (A;fo) = PM kJ (A; a; f ). These limits give 
us lim t ^ +00 PM(A t ; a, t) = PM(A; a; fo)- Theorem |H72| is proved. □ 



8 Determinant formulas for Selberg type integrals 

Let z\ < ■ ■ ■ < z p be real numbers. Let , a p , 7 be complex numbers with positive real 
parts. For t 6 M" define 

p n 

s=l i=l l<i<j<n 

The branches of x as and x 27 are fixed by —tt/2 < arg x < 3tt/2 for all s G {1, . . . ,p}. 

Let Z v n = {1 = . . . , Z p ) G Z p I U > 0, Zi + ■ • • + l p = n}. For every s G {1, ... ,p} 
denote I s = J2i=i 1° = 0. Let m G Z% and s G {1, . . . ,p}. Denote r miS the set of integers 
| m s-i _(_ x, . . . , m s } and d n t = dt\ A ... A dt n . Define the following n-forms 

y^esn s =i s jer m , 3 ^ s; / 

If m G then we identify m with the p-tuple (m, 0) G Z%. 

For 1 G ZP" 1 , let 

Ui = {t = (ti, . . . , t n ) eW l \z s < t Xs -i +1 < ■■ ■ <t X s < z s+ i for all s = 1, . . . , p - 1}. 
Assume that all domains in the formulas below inherit the standard orientation from IR n . 



16 



Theorem 8.1 , cf [V6]. 



det 



$(t,z)w m (t,z) 



(12) 



p-1 



n-1 

n 

s=0 



r((a + ih) p - 1 r(i + « P + s T ) nj=} r(«, + s 7 ) 



/ p+n — s — 3\ 
I p-2 J 



r( 7 )P-l r(l + EJ.i«i + (2n-2-sh)_ 

«*(*r( p + ": 2 )X>-i)<«.) J] (,--J l *<5Kr). 

^ ^ ' s=l Ko<i<t 



Notice, that formula (12) is not symmetric with respect to «i, . . . , a p . To make it sym- 
metric we introduce new differential n-forms, uJ^, for m G Zf^ 1 . Namely 



p-i 



u m {t,z) = [JJ(m s !)a s (a B + 7) . . . (a, + (m s - l)7)]w m 

s=l 

p-1 J 

= s n a *( as + ^ • • • + ^ - ^ n ( t _ z ) crt - 



jer 3 



Theorem |8.1| implies 



det 



n— 1 

n 

s=0 



cxp 



l,me2. 



f p+n— s— 3^ 
V P-2 J 



$(t,z)u m (t,z) 

T((s + 1)7 + l)^ 1 UU r(a,- + ^7 + 1) 

T( 7 + T(l + £J =1 «i + (2n - 2 - s) T ) 

(*r( p+ :; 2 )E(-iK) n fr-^^^^r*) 

^ ^ ' s=l Ka<Ko 



(13) 



Lemma 8.2 For every 1 G Z^~ x , «, j G {1, . . . , n}, s G {1, . . . .p}, fix branches Qj yS , hj 7 i of 
the multivalued functions (tj — z s ) as and (tj — tj) 27 Respectively, on the domain Uj as at the 
beginning of the current section. Then the product 

ex P (i*( p+ :; 2 )x>-iK) n ^-zj"* + ^'^ +2 <'^ 

\ P / s =l Ko<Ks 



l<a<fe<p 

equals the product of critical values of the chosen branches 

n p 



n 



lez. 



p-i 



nn^' ') n 

j=i s=i i<*<i<^ 



(14) 



T/ie critical values were defined in Section 0. 



17 



Lemma |87^ allow us to replace the last lines in formulas QT3) and (|1"3| ) by the product of 
critical values fll4]), cf. [V6]. 
For 1 G Z%, let = — oo and 



Ui = {t = (ti, . . . ,t n ) G R n | < tis-i +1 < • ■ ■ < ti* < z s for all s = 1, . . . 



Theorem 8.3 Let a be a complex number with positive real part. Then 



det 



n 

exp (a ^ J $(t, ;s)u; m (t, 



(15) 



n-1 

n 



r((a + l) 7 )p ' 



r(7) 



exp I ?7T 



p + n — 1 



E 



s=l 



l,m€.Z£ 

JJ (^ - :„ i 

l<a<6<p 

p + 1 ~ x ) E ^ a ~ rr) ELl sas - 2p(p ^ 1)7 



exp l a7T 



1 (a a +a 6 )(^- 1 )+2 T (^- 1 ) 



The next lemma allow us to replace the last line in formula (jig) by the product of critical 
values fll6T). 



Lemma 8.4 For every 1 G Z%, i,j G {1, . . . ,n}, s G {1, . . . .p}, fix branches gj jS , hj ti of 
the multivalued functions (tj — z s ) as and (tj — ti) 2 " 1 respectively, on the domain Ui as in the 
beginning of the current section. Then the product 



exp l m 



p + n — 1 
p 



E 



p + n — 1 
P 



sa s J J exp^a7r| | > | r/ 

S=l \ x- / s=1 



E 



( p+ r 1 )Ef =1 ^-2p( p +^ 1 )' 



equals the product of critical values of the chosen branches with respect to the linear function 
—ati. 



n 



n p 



c(e ^ n =i^,Ui)JJJJc(5 iia ,Ui,-oti) JJ c^i, Ui,-oti) 



(16) 



The critical values were defined in Section f|. 



9 Proofs of Theorem [87l| and Theorem [8t3 



Theorem |8.1| is a direct corollary of Theorems 5.15 and 7.8 [TV]. The computations are long 
but straightforward. □ 
The correspondence in notation between the current paper and [TV] is as follows: 
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Object 


current notation 


[TV] - article 


Dimension of the vector space 


n 


1 


Number of points 


P 


n 


Coordinates 


t 


u 


Weights 


a 


2A/p 




7 


-1/p 


Points 


z eR 


y/h = z G iR 


Parameter 


a 


ir)/p 



For 1 G Z%, let Zq = — oo and 

Vi = {t — (ti, ... ,t„) Gl" z a -i < tj a < z s for all s — 1, . . . ,p and j s G r JjS }. 
Theorems 5.15 and 7.6 [TV] imply the following formula 



det 



/n p n 

i 7 =i s =l j=i Ki<j<n 



(p+n-l\ 



P h 



sin(— S7T7) 



l<i<j< 
n-l 



(17) 



n 



:-^'--'nnn sin( _ T7) 

iez£ j=i s=i v ,; s=o 
'p + n — 1 



r(( a + l) 7 ) 



r(7) 



^n r («i+«7) 



exp l a7r 



exp I ?7T 



P 

p + n — 1 
P 



' s=l 



P 



s=l 



p + n — 1 
p + 1 



7 



n (^-^) K+Qft) ^ i ) + ^(^ 1 ). 



l<a<6<p 



In order to obtain Theorem |S.3| we have to pass from "rectangular" domains Vi to "tri- 
angular" domains Ui. For any 1, m G Z% we have 

n p n 



/lb jJ lb 

I j=l s =l i=l l<i<i<" 

/n p n 

^exp(a^t,)nfi(^-^r fi (U-tj)^ 

n~—_: ' .! ■< ■ ■ ■ / - Ul J'=l S=l «=1 I • <• :./<>< 



e "("-i)^7[JJ !(! + e -2«7) . . . (i + e - 2 ^ + ■ ■ ■ + e 



3=1 
n 



exp (a y~] t 3 ) ^Vm (*, 



3 n(n— 1)«7T7 



P h 



TTTT sin(-g7T7) -p-r 

AAAA sin(-vr 7 ) 11 



-m-ylj(lj-l)/2 



» n 

/ exp (a y~] tj)$(t, z)u m (t, 

M v j=1 ' 
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This proves Theorem 



□ 
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